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1 Abstract

Topological data analysis is a powerful tool for analyzing complex datasets and extracting
meaningful topological properties. In this thesis, we explore the use of persistent Betti numbers,
which capture a multiscale perspective of topological changes. We present approaches for
computing persistent Betti numbers and establish two central limit theorems for persistent
Betti numbers. The first theorem applies to general filtrations that satisfy certain conditions,
with the Cech filtration being an example that satisfies these conditions. The second theorem
is for the Voronoi tessellation-adapted filtration. These theorems provide a fundamental
theoretical framework for statistical analysis and hypothesis testing in computational topology.
Additionally, we conduct simulations to investigate the behavior of persistent Betti numbers
under varying parameters, and propose a hypothesis test to determine if the number of points
follows a fixed distribution or stems from a Poisson distribution. Our findings demonstrate

the effectiveness of Voronoi tessellation in analyzing the topological structure of datasets.
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2 Introduction

In recent years, topological data analysis has emerged as a powerful tool for analyzing complex
datasets and extracting meaningful topological properties [2]. One such property is Betti
numbers, which provide valuable insights into the topological changes across different levels of
a dataset. Betti numbers intuitively describe the number of ¢-dimensional holes in a simplicial
complex. Simplicial complexes are geometric objects built by joining points, edges, triangles,
tetrahedra, tetrahedra and polytopes of higher dimensions. They provide a powerful tool
for representing complex topological spaces in a way that is accessible for data analysis. By
capturing the fundamental structural elements of these spaces, simplicial complexes offer
a valuable framework for exploring and interpreting data in various fields, for example in
materials science [5]. We will focus on persistent Betti numbers, where persistent Betti
numbers also allow us to understand the time perspective of Betti numbers. Persistent Betti
numbers provide information about how long the topological properties are present in the
data set and at which levels.

We assume throughout this thesis that our data points come from a homogonous Poisson
process, which is a basic stochastic process that is widely used. The Poisson process models
the occurrence of events in continuous time or space, and has some important properties such
as independence, memoryless and a constant rate. In our context, the homogeneous Poisson
process acts as a natural model for the distribution of points in a dataset. These are some
ideas that are unlikely to apply in the real world, but this can be used as a model under a
null hypothesis.

First, in Section 4.1 we establish a central limit theorem for persistent Betti numbers
with a filtration that satisfies certain conditions. The proof is given in Section 5.1 and it
consists of showing that the persistent Betti number is weakly stabilizing and that it satisfies
the Poisson bounded moment criterion [7].

Then, in Section 4.2, we present a central limit theorem for persistent Betti numbers
with Voronoi tessellation-adapted filtering. Voronoi tessellation is a geometric partitioning
technique that creates a cell for each point with the associated area that is closer to that

point than to any other point. The proof is made in Section 5.2 and the proof is very similar



to the second proof, but some of the arguments need to be adapted to the new setup.

In section 6 we run simulations of the central limit theorem with Voronoi tessellation and
investigate what happens when we change the parameters. We also set up two hypothesis
tests. One has the null hypothesis of a fixed number of points and the alternative hypothesis
that the number of points follows a Poisson distribution. This test has a simulated power of
0.25. The second hypothesis test has the null hypothesis that the number of points follows a
Poisson distribution and the alternative hypothesis of a fixed number of points. This test has

a simulated power of 0.01.

3 Notation and tools

In this section, we provide relevant definitions that are necessary to go deeper into topological
data analysis and tessellations. In Section 3.1 we define, among other things, what a Poisson
process is, what a simple complex is, what Betti numbers are and what filtering is. From
these definitions we can now formulate Theorem 4.1, which is one of the main theorems we
will show.

In Section 3.2 we define what Voronoi tessellation is, which allows us to formulate Theorem

4.2, which is the second main theorem we will show.

3.1 Spatial Statistics and Topological Data Analysis
Poisson process in RY

In the results shown in this bachelor project, we will use the assumption that our points come
from a Poisson process. This is a relevant situation to consider because the assumption that
our points come from a Poisson process in RY means that the points are independent of each
other and that the probability of finding a point in a given spatial domain is proportional to
the size of that domain, which are assumptions that often make sense to make.

First, we need some introductory concepts, with definitions based on [3] and [4].

Definition 3.1 (Locally finite measure). A Borel measure is a locally finite measure,

if there for any point p € R" there exists an open neighbourhood N, at p such that the
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p—measure of N, is finite.

Definition 3.2 (Point process). Let Ny denote the space of locally finite set of points
¢ C RY and equip it with the smallest o-algebra, B, such that the maps

o= p(A) =H#(pnA)

are measureable for all Borel sets A C RY. The corresponding random variable X = {Xi}ix1

with values in Ny is called a point process.

To define what a pointprocess is we will also need the following definitions

Definition 3.3 (Intensity measure). For any point process P on RY we define the intensity
measure A : B :— [0, 00] as

A(B) =E[P(B)], Be€B.

Definition 3.4 (Non atomic measure). A Non atomic measure u is a measure, where

there for each measureable set A with p(A) > 0 exists a subset B of A such that
u(A) > p(B) > 0.

We are now ready to define what a poisson process is

Definition 3.5 (Poisson process). Let A be a locally finite non atomic Borel measure
on RY. A poisson process P with intensity measure A is a point process that satifies the

following
1. P(A) ~ Poi(A(A)) for any set A C RV,

2. The random variables P(A4;),...,P(A,(x)) are independent for all pairwise disjoint
A17 PN ,An(ZL‘) Q RN.

We often need to consider a poisson process only on a subset of RY, so the following

definition is natural



Definition 3.6 (Restricted poisson process). For a poisson process P we define for any

set A C RV the restricted poisson process P4 as the poisson process defined on A.

A special class of poisson processes are homogeneous poisson processes, where the expected

number of points in a set only depends on the volume of the set.

Definition 3.7 (homogeneous poisson processes). A poisson process, where the intensity
measure A = v\, where v is the Lebesgue measure and \ is a constant, is called a homogeneous

POISSON Processes.
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Figure 1: Simulation of 40 points from a homogeneous poisson processes in [0, 1] x [0, 1].

Simplicial complex

Simplicial complex is a geometric object that is made up of the union of points, edges,
triangles, tetrahedra and higher dimensional polytopes. Formally, we use the following

definition

Definition 3.8 (Simplicial complex). A simplicial complex is a collection of K non-empty

subsets of a set Ky, such that {v} € K for all v € Ky, and if 7 C 0 and 0 € K, then 7 € K.



We call the elements of K kalder vi edges of K, and we call the of elements K the simplicies.
Furthermore we say that a simplex has dimension ¢ or is a g-simplez, if it has cardinality

g+ 1. We will use K, to denote the collection of g-simplicies.

Figure 2: An example of a simplical complex.

An important example of a simplicial complex is the Cech complez which is constructed
as follos: Given a finite set of points Ky and a € > 0 we can construct the Cech complex
CG(KO) by taking the elmenets of Ky as edges in CE(KO) and for each 0 C Ky we let 0 €

C.(Ky), if the e-ball with center in o has a non-empty intersection, that is
~ q —_—
o ={xo,..., 24} € C(Ky) <= (| Bilw:) # 2,
i=0

where B;(x;) denotes the ball with center x; and radius ¢.

Homology

The idea behind homology is to understand the topological structure of your dataset in
a way that is invariant under rotation, scaling and more. In particular, we will focus on
Betti numbers and later persistent Betti numbers, which intuitively say something about the

number of g-dimensional holes in a simplicial complex K.



We consider a g-simplex o = {ig,...,i,} as a sorted set. For ¢ > 0 we define an
equivalence relation 4y, ...,4, ~ 4, ..., on two sorts of o with even permutations. Let
(o) = (ijo, - .-,1j,) be the equivalence class where 7, < --- <1j,.

We consider the field Fy with basis given by the g-simplicies of K, since we do not need

the orientation of our simplex. We can then construct a Fy-vector space C,(K) as
Cy(K) = Spang,{(0) | 0 € K},

for K, # @ and Cy(K) = 0 for K, = &. Here Spang,(A) for a set A denotes a vector space
over FFy, so the elements of A form a basis of the vector space. We define the boundary map
0y : Cy(K) = Cyq(K) as

q

0y((io, - ig)) =D lioy- - yity . ig), (1)

=0

where 7, means, that i; is removed. We set Z,(K) = kernel 9, and B,(K) = image d,,;. We

can consider the boundary map as a matrix

Mq = (MU,T)GGquhTGKqu

where the coefficients are given by (1).
For our definition of the Betti number to make sense, which we will give below, we need

the following theorem

Theorem 3.9. For any g > 0 we have

By(K) € Z,(K)

Proof. If we show that 0, 0 0,41(¢) = 0 for any o = (i, ..., i,+1) € K41 then we are done.

So if ¢ = 0 then we have that 9, 0 J,41(¢0) = 0 as per the definition. So suppose that ¢ > 0.



Then we have

q+1
q+1 a E ZOJ"'7ZZ7"‘JZ(]+1>

‘H—l

= E Ogioy oy ity vy ige1)
1=0
g+l [1-1 q+1

:E g i0, . - - ZJ,.. R yig+1) —1—5 (19, - - . zl,...,z'j,...,iq+1)
=0 Lj=0 j=l+1

We can now define the Betti number.

Definition 3.10 (Betti number). For ¢ € Ny we define the ¢’th homology of a simplicial

complex K as the quotient vector space
H,(K) = kernel(9,)/ image(0y+1)-
We call the dimension
By(K) = dim H,(K) = dim kernel(9,) — dim image(J,+1)
the q'th Betti number of K.

Bo(K) can geometrically be understood as the number of connected components and

p1(K) can be understood as the number of 1-dimensional holes.

Example 3.11 (Computation of Betti numbers). We will compute the Betti numbers

for the following two simplicial complexes

K = {{a},{b},{c} {a,0},{a,c}, {b,c}, {a,b,c}}
K' = {{d}7 {6}, {f}v {dv 6}, {d7 f}7 {67 f}}



Figure 3: Geometric realization of K and K’ respectively. The triangle on the left is colored
because we have {a,b,c} in our simplicial complez, while the triangle on the right is not

colored because {d, e, f} is not in our simplicial complez.

We start by computing the Betti number for K. We have the following sequence of vector
spaces and linear maps:

0! 0 1o
0 — Fy 25 Fy 5 F2 5 0.

If we sort the bases of the vector space lexicographically, we have that the matrix representation

of 0 and 0, is given by

M,y = (1 1 1)T

1 10 1 01
Miy=1101[~]01 1},
011 0 0O

and the kernel of 8y is {{a}, {b}, {c}}. We notice the row space of 9; is

{[1 0 O}T,[O 1 O}T}-

Hence we have

Bo(K) = dimker(dy) — dimimage(dy) =3 -2 = 1.

We have that the dimension of the image of M; is 1, and that the kernel of M; is the zero

vector, so we have that
p1(K) = dimker(0;) — dimimage(d,) =1 -1 =0,

and that all higher Betti numbers are 0.
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We will now compute the Betti numbers of K’. Here we have the following sequence of

vector spaces and linear maps
3 1, m3 do
0 — F; — F; — 0.

The only difference in the computation of Betti numbers of K’ is that dimimage(d;) = 0

here, so we have
Bo(K) = dimker(dy) — dimimage(dy) =3 -2 =1

p1(K) = dimker(d;) — dimimage(d,) =1 -0 =1,

and that all higher Betti numbers are 0.

Filtration

A filtration is a growing sequence of simplicial complexes that gives us a tool to examine the
structure of our data.

Let F(RY) denote all finite (non-empty) subsets of RY. For a function f on F(R"), there
exists a permutation invariant function fy on (RV)* for any k > 1 such that f({z1,...,zs}) =
ﬁ(a:l, ..., x1). We say that if f is measurable, then ﬁ is measurable on (R™)* for any k > 1.

Let x : F(RY) — [0, 00] be a measurable function that satisfies the following:
(K1) 0 < k(o) < k(7), if 0 is a subset of T,

(K2) & is translation invariant, that is k(o + z) = o for all z € RN where o0 + 2z .= {y + x :

yeo},
(K3) There is an increasing function p : [0, co] — [0, co] with p(t) < oo for ¢ < oo such that
lz =yl < p(s({z, y})),
where ||| is the Euclidean norm of RY.
An important example of k is
ke({xo, ..., 2,}) = inf max|z; — w||

weRN 0<i<q

11



which defines the Cech filtration C(¢) = {C(,t)};>0. It induces the Cech complexet, as we
defined in ealier.
Given such a function k we construct a filtration K(Z) = {K(Z,t) : 0 < ¢t < oo} of

simplicial complexes from a finite point configuration = € F(RY) with
K((Et)={c C=: k(o) <t},
that is k(o) is the birthtime of a simplex o in the filtration K(Z).

Definition 3.12 (Persistent Betti number). For a filtration K the (r, s)’th persistent

Betti number is defined as

Al <),

K ATATa AT

where Z,(K,) and B,(K,) are respectively the ¢’th cycle group and ¢’th boundary group.

The persistent Betti number can tell us the number of ¢g-dimensional holes in K which
exists between r and s.

For a filtration K(Z) we denote the q’th persistent diagram with
D,E) ={(bi,d;)) e A:i=1,...,n,},

where A = {(z,y) € R :0<z< y < oo} is determined by the unique decompoisiton of the
persistent homology. This means the points {(b;, d;) € A} with 57°(K) = #{i : b; < r,d; > s}.
So b; denotes the birth and d; when it disappears again. We set d; = oo if the i’th homology
class survives forever. So we can understand the (r, s)-persistent Betti number 37°(K) as
counting the number of birth-death pairs in a persistence diagram D, (K) with birth before r
and death after s.
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Persistence diagram

40 4

30 4

Death

10

T T T T T
0 1n 20 30 40

Birth

Figure 4: An example of a persistence diagram.

3.2 Tessellations

Tessellations divide a space of points into different cells based on some criteria. A widely used
tessellation is the Voronoi tessellation, which creates a cell for each point with the associated
area that is closer to that point than to any other point. This creates a partition of space
into cells, which are called Voronoi cells. An example of a Voronoi tessellation can be seen in

Figure 5. We use the following definition

Definition 3.13 (Voronoi tessellation). Let ¢ be a locally finite subset of RY. We define

the Voronoi cell C(z, ) for a z € ¢ as
Clz,p) ={y e RY : ly — x| < |ly — 2’| for all 2’ in .}

The Voronoi tessellation of ¢ is the set V(¢) = {C(z, ) : € ¢}.
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Figure 5: Points from Figure 1 with Voronoi tessellation added.

To compute persistent Betti numbers, we will use a tessellation-adapted filtration where
entire simplices are added at filtering times given by their circumscribed circle radii. In other
words, a g-simplex f € =%, defined by the points F, ..., P,, belongs to the filtering at level
t > 0 if and only if its circumscribed circle radius, r¢(f), satisfies ro(f) < t, where r¢(f) is
defined as

relf) = iy maly P

We will refer to this as the tessellation-customized filtering associated with the surfaces in the
tessellation. Let Ky, denote the Voronoi tessellation-customized filtering. Note that Ky,
does not satisfy (K3).

This is very similar to Cech filtering, the difference being when simplicies are added to
the simplical complex. In Cech filtering, simplicies are added based on pairwise distance

between points.
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4 Central limit theorems for persistent Betti numbers

In this section we will formulate a central limit theorem for persistent Betti numbers with a
filtration satisfying (K1-K3). We will also formulate a central limit theorem persistent Betti
numbers with a tessellation-adapted Voronoi filtration. Using the existence of these central
limit theorems, one can test whether one’s points come from a homogeneous Poisson process
with unit intensity as we will do in Section 6.

We state here the necessary properties of functionals to obtain a version of the central

limit theorem. Let {1/, } be Borel subsets of RY satisfying the following conditions:

(A1) |W,| =n for alln € N.

(A2) Upst Moz Win = RY

(A3) limy,_o0||(OW,,)]|/n = 0 for all 7 > 0 where A" is the set of points which are at most

r away from A.
A4) There exists a constant v > 0 such that sup r—1y| <yn’.
i z,yeWn, Yy Y

Given such a sequence, let W = W({W,,}) be the collection of all subsets A in R" of the
form A = W, + z for a W, in the sequence and a point z € R".

Let H be a functional that takes real values in F(RY). We say that H is translation
invariant if H(X +y) = H(X) for all X € F(RY) and y € R". Let Dy denote the increment
in H obtained by adding {0}

DoH(X) = H(XU{0}) — H(X), X FR"Y).

We say the function H is weakly stabilized on W if there exists a random variable D(o0),
50 DoH(Pa, ) =3 D(c0) for n — oo for any sequence {A,(z) € W}, going towards RY.
The Poisson limited moment criterion on W is given by
sup E[(DoH(Pa4))'] < .
0eAew

We will now formulate the two central limit theorems mentioned above.
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4.1 Poisson process with filtration

We will prove the following central limit theorem for a poisson process with a filtration

satisfying (K1-K3).

Theorem 4.1. Let P be a homogeneous Poisson point process with unit intensity. Suppose
that the sequence {W,} satisfies conditions (A1-A4). Then for any 0 <r < s < oo we have

B;° (K (Pw,)) ;fi[ﬂ;’%m?’wn)ﬂ 4 N(0,0%,) forn — co.

Vs

It can be shown, that o7, > 0 and Proposition 9.1 in [1] contains some ideas as to how

one can show this.

4.2 Poisson process with tessellation-adapted Voronoi filtration

We will show the following central limit theorem for a Poisson process with a Voronoi
tessellation. In the context of Voronoi tessellation, we will always consider the window
W, = [—%,2]Y. We cannot use Theorem 4.1, as Voronoi tessellation-adapted filtration does

not satisfy (K3).

Theorem 4.2. Let P be a homogeneous Poisson point process with unit intensity. Then for

any 0 < r < s < oo we have

By (Kvor(Pw,.)) — E[57* (Kvor(Pw,))]

72 i>N(002) forn — oo.
n

»Yrs

5 Proofs

5.1 Poisson process with filtration

The proofs in this section are mainly based on [3].

Lemma 5.1. Let H be a functional that takes real values defined on F(RY). Assume that

H is translation invariant and weakly stabilizing on W and satisfies the Poisson bounded

moment condition. Then there exists a constant o € [0,00) such that n=' V[H(Pyw, )] — o>

and

H(Pwn) ;fi[H(PWn)] i> N(O, 02) for n — oo.
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Proof. See Lemma 3.1 in [7].

Lemma 5.2. Let K = {K,;}i>0 and K = {f?t}tzo be filtrations on K; C K, fort > 0. Then
1B°(K) = B (K) < D (| Kaj\Kejl + o € Ko\ Ky to < 7}),
J=q:q+1
where ]?t,j (or Ky ;) is a set of j-simplicies in K, (or K;) and t, (ort,) is the birth-time of o
a filtration K (or K).

Proof. See Lemma 2.11 in [3].

Corollary 5.3. The functional Bg’S(K) 15 weakly stabilizing.

Proof of Theorem 4.1. For a fixed r < s, we consider the persistent Betti number £>*(K(-))
as a functional on F(RY) and check the 3 conditions given in Lemma 5.1. We have that it is
translation invariant, since x is translation invariant from (K2). Korollar 5.3 gives us that it
is weakly stabilizing, so all we need is to show the Poisson bounded moment criterion on W.

Let F,(®,r) be the number of g-simplices in K (®,r). We then have the following

| Dofy" (K(Pa))| = |8y (K(PaU{0})) — 57" (K(Pa))l
< Y K (PaU{0},9)\K;(Pa,s)]

J=q,9+1

< Z E;(Ps, ., ) 5)

J=q,9+1

< Z P (EP(S) (O>)j

Jj=q+1,q+2

Where in the first inequality we used Lemma 5.2, in the second inequality we used the
condition (K3), which gives us that the distance is bounded by the sphere with radius p(s).
The last inequality comes from the fact that we can bound the number of g-simplicies by the

number of points to the power of ¢ + 1. We now have

E [| Doy (K(Pa))|] <E _(73 (B (0)) ™ + P(B,(0)) |q+2)4]

i 4
<& (2 max{Pa, o)™ P02 }) |

<E[2"max{|Pg,,, )", [Ps,. )"}

S 24E |:|7)Bp(s)(0))|4q+4:| + 24E |:|7)Bp(8)(0))‘4q+8i| .
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Since P(Bp(s)(O)) is poisson distributed, we have that all moments are bounded and thus we
have that the above expression is finite. Since the final expression does not depend on A, we
have that

sup E[Dofy*(K(Pa))*] < o0,
0eAeW

as desired. O

Lemma 5.4. Let P C RY be a locally finite set. For any fived r < s there ewists Do and

R > 0 such that
Doy*(K(Pg,(0))) = Doo

for all a > R.

To prove Lemma 5.4 we will need the two following Lemmas.

Lemma 5.5. Let A, B,U,V be subspaces of a vector space where A C U and B CV. Then

we have

UV im Y L aim
AﬂB_ lmA lmB.

dim

Proof. Since we have the formula dim(UNV)+dim(UUV) = dim U +dim V and dim(U/A) =
dim U — dim A, we have that

N
unv _ 3 _U . _D . o < d _U . _V
B dim — + dim 5 + (dimU UV —dim AU B) < dim — + dim —,

dim
as desired. ]

Lemma 5.6. Let D = [A B} be a matriz with submatrices A and B. Let | be the number

of collons in B. Then we have
dimker D < dimker A +{

Proof. Lad B = [bl bl}, where b; is the i’'th coloumn vector of B and set D =
[A by ... bi]. Then for any ¢ we have

dim ker D® < dim ker D@V + 1.

By applying this iteratively, we get the desired result. O

18



We will use that we almost certainly have that a homogeneous Poisson process P has infinite

points in RY that do not have accumulation points.

Proof of Lemma 5.4 Set P' = P U{0}. Let K,, = K(Pp,(),r) be the simplicial complex
defined on Pg, ) with parameter r and correspondingly set K], = K (P]%a(o),r). Using
Definition 3.12 we can write DoS;*(K(Pg,())) as

2K L 2K

Dy8"(K(Px5 = di
oy (K(Pp,0))) = dim e B ()~ ™ Zy(Kow) 1 By (Kon)

= (dim Z, (K7 ,) — dim Z,(K,q))
— dim(Z,(K] ) N By(K.,)) + dim(Z,(K;0) N By(Kya))

So we can consider the stability with respect to a for dim Z, (K, ,) and dim Z, (K, ,) N By(Ks,q).
So let’s start with dim Z,(K,,). Since dim only takes non-negative values, it is enough to
show that it is bounded and non-decreasing for the limit to exist. We have that K, , C K],
and therefore we have that Z,(K,.) C Z4(K,,). We now write K, as a disjoint union

K], = K,,UK},, where K, is the set of simplices, that have point 0 and let K7,  be the

r,a’ ,a,q

set of simplices of order ¢, so that K7, , = {0 € (K] ,);:0€d}.
Let 0y and 0, , be the gth boundary mapping on K, , and K , respectively. Then we
get the following block matrix

5 |M 0
q,a
My, ya

where the first columns and columns are ordered by simplices in K7, . and K, 441 and the

second columns and columns correspond to simplices in K, ,.
For any simplex o € K(P,r) containing the point 0, we have that it is included in Ep(r)(()).
Therefore, the set K

»a.q is independent of a for a > p(r), which we denote by K7, .. Now we

0
can use Lemma 5.6 on the matrix form given above, where we set D =9’ | A = and

q,a’
aq’a

M,
B = . Then we have
M, ,

dlm ZQ(K;",a> - dlm Zq(Kﬁa) S |K1("],a,q| - |K7(~],*,q’7
for a > p(r) and it is thus bounded for any fixed 7.
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We will now show that it is non-decreasing. So we define a homomorphism given by

2K Z,(KL,)
L w2 A e 7R

for a; < ay. This mapping is well-defined, since Z,(K,,,) C Z,(K,,,) and correspondingly
that Z,(K],,) C Z4(K],,). We have that the kernel of f is trivial, since if f[c] = 0 then

c € Z,(K,,,) and since a; < ay we also have ¢ € Z,(K,,,). Since the kernel is trivial, f is

injective. Thus we have the inequality

dim Z,(K; )/ Zg(Kra,) < dim Zy(K7 ) Z4( K70, ),

a1 r,a2

which shows that it is non-decreasing. So we have now shown the stability of dim Z, (K, ,).
We will now show the stability of dim(Z,(K,,) N By(Ks.)). We will use the same proof

technique as above. From Lemma 5.5 we have that

d. ZQ(Kvl",a> mBII(K.;,a) < d ZQ(K:",CJ +d Bq(Ké,a)
im im ———* + dim ——""<.
ZQ(Krva) m BQ(KT@) N ZQ(KT,G) BQ(KT,G«)
As before, we again have that |K7, .| = |KY, .| for all a large enough. Thus, we have

that

dim Z,(K74) 0 By(K(,) — dim Zg(Kra) 0 By(Kya) < K | + 1K 414,

and thus we have shown it is bounded. Similarly as before, we can show that the kernel is

trivial and thus injective in the following homomorphism

Za(K7.0,) N By (K{,,) Z4(K}.0) N By(K{,,)

r,al S,a1 r,as $,a9

: S]] € ,
Z4(Kray) N By(Ks ) Z4(Kra5) N By(Ksa,)

for a; < ap. This implies that it is not decreasing as desired. This concludes the proof of the

Lemma. ]

Proof of Korollar 5.8 Let R > 0 be chosen such that it satisfies Lemma 5.4 and let {4, €
W}.s1 be a sequence going towards RY. Then if there exists an ng € N then Bx(0) C A,
for all n > ny.

For n > ny we define L,.,, = K(P4,,r) to be the simplicial complex defined on P,, with

parameter 7. Since A, is bounded there exists a > R so

Br(0) C A, C B,(0).
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Using the same approach as in Lemma 5.4, where we showed injectivity, we can show that

ZKLw) _ Zo(Th) _ Z(L)

rn C ’
Zq(KT,R) N Zq(Lr,n) N Zq(Kna)

where K, , = K(Pg,(),r) as before. From our choice of R, we have that the dimension of

Zy(K] r)/Z4(K; r) and Zy(K] ,)/Z,(K, ) are equal for n > ng. Thus, we have that
dim Z, (K]  — dim Z, (K, g) = dim Z,(L,.,,) — dim Z,(L;,).

Similarly, we can show that dim Z,(L;,) N By(L;.,,) — Z4(Lyn) N By(Ly) is invariant for
n > ng. We have shown that it becomes constant and thus we have shown that 3*(K) is

weakly stabilizing, as desired. O

5.2 Poisson process with tessellation-adapted Voronoi filtration

There are only a few differences in the proof of Theorem 4.2 compared to Theorem 4.1. The

differences are

(1) Some of the arguments in Lemma 5.4 to be used to show that B}*(Ky,) is weakly

stabilizing, analogous to the proof of Corollary 5.3.

(2) Show that B}*(Kyo(-)) satisfies the Poisson bounded moment criterion on W, as

analogous to the proof of Theorem 4.1.

We will start with some introductory remarks. Set C4 to be the Voronoi cell for 0 in
P4 U{0}. When the cell Cyp is added to the cells for P4, the cells closest to it will change.
So set R4 to be the smallest positive integer so that all finite Voronoi cells that are changed
by the addition of C4 o are contained in Bg A,o<0)- The idea behind the proof is that we can
ensure that R4 does not get too big by making a box around {0} and dividing the box
into a grid, and showing that only points inside this grid are affected by the addition of {0}.

(0)

Furthermore, we set =), , to be Voronoi vertices for P4 U {0} and E(f) to be Voronoi vertices

for Py.

Proof of (1). In the proof of Lemma 5.4, some of the arguments need to be changed. To
restrict dim Zy(K],) — dim Z,(K,,) we can do the following. Let K, , denote the set of

a,q
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simplices outside the stability radius R4 and K/, denote the set of simplices inside the

r,a,q

stability radius 4. We note that K U is independent of a for a > R 4,0, which we denote

T,a,q

by KY, .. Using Lemma 5.6 twice, we have that

Ty%,q"

diqu(Kvl",a) - diqu(KTya) = dlmZ(I(K?/“, ) dim Z, ( ) | raql _'_l raq|

< |dim Z,(K.q) — || + |dim Z,(

raq T‘IQH

| raq|+| raq|

| 'r*q|+| raq|

and since P is a locally finite set we have K,{ a,q 18 finite and hence bounded for any fixed 7.

Proof of (2). We will show it in the case where A is a cube with center x, that is A is on the
form

An(z) = [-n/2,n/2]"

As in Theorem 4.1 we need to show that

sup EUK (PauU{0}, )\Kj(PA>5)|4]

0eAew

for j = q,q + 1 is bounded.

Define
By = {A\/;(\/;Z) NPy # @ for all Vrz € VrZY N An(x)}

to denote the outcome that for any point \/rz € rZN N A,(x), the \/r-case A z(1/72)
contains at least one point from P,4. To show the moment condition, we need the following

Lemma.

Lemma 5.7. (E,, . happens with high probability). There exists a ¢; > 0 such that for all
r > lwe have

sup sup P(E}, ) < exp(—cyr/?)

r,n,xr
n>0 zcRN

Proof. We can write E,,, , as

Erpe = N {Az(vrz) NP # 0}
VZEVTINNAR ()
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We can now notice that |v/rZY N A, (z)| < (v/r + 1)V and hence we have
B(ES,.,) < VPZY 0 A, (0)| PA(v72) N P = ) < Ofr + 1) exp(—r2),

where we bounded P(A ﬁ(\/ﬁz) NP = () by using P is a Poisson process. We can now notice
that the right hand side is exp(—r"/2(1 + o(1))) and hence there exists a constant ¢; > 0
such that

sup sup P(ES, ) < exp(—cyrV/?),

N,T
n>0 2€Qn,

as desired. ]

Lemma 5.8. For any k > N? 4+ 9 we have that

Erjanyme € {Rao <k},
Proof. We will start by showing for any k& > N2 4 9 that

(a) Under the event Ej/4n) 5.z, any cell with center in Ak/(4N 2N+2)\/W( x) is contained

in Ak/(4N)f2 %/ (4N) (),

(b) Under the event Ej/un)nz(2), the intersection set between any cell with center outside

Ak/(4N)+(N_1) /—k/(4N)(x) and with Ak/(4N \/W(x) is empty.

Proof of (a). Let C be a cell with center at P € A and consider an

k/(4N)—(2N+2)/k/(4N) (z)
arbitrary point P’ outside A, J(4N)—2 \/W( x). Let P” be the closest point on the boundary

(2N+2)\/k/(4N)—2+/k/(4N)
of Ak/(m \/W(x) Then we have that |P' — P| > |P' — P"| + v ~ Vv =

|P" — P"| + N\/k/(4N). Under the event Ej/un)nz, the distance from P’ to one of the
centers is at most |P’' — P”| + \/Nk/(4N) < |P' — P| and thus P’ ¢ C.

Proof of (b). Let C be a cell with center P € RY \Ak/ AN+ (N— 1)\/W( r) and let P’ be any

point inside A \/—( x) and let P” be the closest point to the edge of A

k/(AN)—2+/K/(4N) k/(AN)—2+/K/(AN)"
Then we have that [P’ — P| > [P’ — P"| + N\/k/(4N). But under the event Ej;un)nz, the

distance from P’ to one of the centers is at most |P' — P”| + \/Nk/(4N) < |P' — P| and

thus P is not contained in Ak/(4N)_2\/W.

Now this gives that under the event Ej;4n) ., a cell with center in

contained in A and thus no cell with center

Ak/(4N)7(2N+2) k/(4N) () k/(4N)—2+/k/(aN) (),

outside Ak/(4N)+(N—1) ) (x) cannot change by the addition of {0} to Pa.
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We can bound the k/(4N) + (N — 1)4/k/(4N) box with a sphere of radius v/ N (k/(4N) +
(N —=1)\/k/(4N))/2 = k/(4\/_) + VEN/4 — vk /4, hence we have

A+ (v—0y/am (8) S Bryavmyevin a-—via (@)

We now notice that for kK > N2 + 9

k kN VEk k kN

I A S G R S

4N 4 4 — 4 4
<§+3\/E-¢E
=4 4
—k

and hence for any & > N? + 9 we have

k N -1 k
8\/N+ 5 '\/;}Q{RA,OSk}a

as desired. O

Eyjanyme C {Rao <

We are now ready to prove Theorem 4.2.

Proof of Theorem 4.2. By using the above we have

B[], (P U {0}, )\ K (P, )| "] < E[|E (B a0))] "]

—(0) 4q+4
< E E[ Euo(Brgr 0))‘ ! .1{RA,0€(k»k+1}}:|
k>0

< Z\/ Eb(Bisa () -\ [P(Rag > k),

k>0

where in the first inequality we used that we can limit the number of ¢-simplicies by the
number of points raised to ¢ + 1 and in the last inequality we used Cauchy-Schwarz. We will
now bound the two expressions inside the sum separately. We know from Lemma 7 in [5]

that there exists a constant ¢, > 0, so

VR[S B[] < e+ 1)
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Using Lemma 5.8, we have for k£ > N? + 9 that
P(Rao < k) > P(Erjanynz)
and hence by using Lemma 5.7 we have there exists a ¢; > 0 such that
P(Rao > k) < P(EL/un)na) < exp(—cr - (k/(4N))N?).

So we can now conclude there exists ¢q, co > 0 such that

N248
sup EUKQ(PAn(i) U {0}7 S)\KQ(PAn(z)y ] < Z (RAO > k‘)
0cAeWw PR
+ Z (k+1)% - fexp (=1 - (k) (4N)¥2),
=N2+9
where the last sum converges according to the quotient criterion, as desired. O

6 Simulations

In this section we will simulate Theorem 4.2 for different windows W C R3, and for different
numbers of simulations, m. We do this because we want to show that asymptotic normality
holds already for medium-sized windows. The simulations are made by simulating points
from a homogeneous Poisson process in the window and finding Voronoi tessellations for
these points. Next, the vertices, edges and faces are extracted from the Voronoi tessellations
that were calculated and the corresponding persistence diagram is calculated. It appears that
the simulation time depends linearly on the number of simulations and depends quadratically
on the number of points.

We check for normality by creating a QQplot and a histogram. The histogram includes a

normal distribution with mean 0 and empirical variance.

6.1 Persistent Betti tal

A typical persistence chart looks like Figure 4, so from this we choose to consider the first

(15, 25)-persistent Betti number, ﬂ15 1 examine for normality by creating a QQplot and a
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histogram of the standardized total persistence. The histogram includes a normal distribution

with mean 0 and empirical variance.

In the following plots, the window is W = [—200, 200], the number of points is n = 500

and the number of simulations, m, is given.

Histogram and QQ Plot of Dim1

sample Quantiles

Theoretical Quantiles

Figure 6: Left plot is for m = 100
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and right plot for m = 500.

We see in Figure 6 that it looks just like a normal distribution even for a small m.

If we try to change the number of points to come from a Possison distribution with

intensity 500/4003, and thus a mean of 500, instead of a fixed number of points, we would

expect a larger spread. We see in Figure 7 that the empirical spread is about one and a half

times as large here compared to before, when we had a fixed number of points. By making

the window W larger, we would expect a larger spread as the points become more dispersed.

In particular, we see that the empirical mean and spread for W = [—200, 200} was p = 1180

and s = 3.5 respectively, while for W = [—400, 400]® it was p = 295 and s = 1.3.
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Figure 7: Left plot is for m = 500, mean 500 and W = [—200,200]3. Right plot is for
m = 500, n = 500 and W = [—400,400}>.
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Hypothesis test

We can define the following hypothesis we want to test

Hy : Fixed number of points

H , : Poisson distribution.

To test this hypothesis and find the strength of the test, we will generate data from the
window W = [—200, 200]3, M = 500 simulations and either n = 200 or intensity 200/4003, i.e.
mean 200. We will repeat this 100 times and thus calculate a 95% confidence interval for the
mean value based on asymptotic normality. The confidence interval became [209.1; 214.1].

We will reject the null hypothesis if the empirical mean is outside the confidence interval.
We can then calculate the power of this test by generating data from the alternative hypothesis
and seeing how often the empirical mean is outside our confidence interval. We did this 100
times, and the empirical mean was outside the confidence interval 25 out of 100 times. So we
have that the simulated power of the test is 0.25.

Similarly, we can make the opposite hypothesis, i.e.

H, : Poisson distribution

H 4 : Fixed number of points.

and calculate the 95% confidence interval for the mean. The confidence interval was
[208.9;216.2]. Again, we generated data under the alternative hypothesis 100 times and
an empirical mean value was in the confidence interval 1 out of 100 times. So we have the
simulated power of the test is 0.01.

So we can conclude that our test is okay at detecting deviations from a fixed number of
points, while less good at detecting deviations from the number of points following a Poisson

distribution.

6.2 Total persistence

In [5] it is shown that there is a functional central limit theorem for the related M-bounded

persistent Betti number. One can imagine that there is also a functional central limit theorem
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for persistent Betti numbers. We will therefore try to examine the sum of all lifetimes, which

we will call total persistence.

In the following plots, the window is W = [—200, 200], the number of points is n = 500

and the number of simulations, m, is given.
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Figure 8: Left plot is for m = 100 and right plot for m = 500.

We also see in Figure 8 that for total persistence, it nicely resembles a normal distribution

even for a small m.

As before, we try to change n to follow a Poisson distribution with mean 500 and try to

change the window to W = [—400, 400]3.
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Figure 9: Left plot is for m = 500, mean 500 and W = [—200,200]3. Right plot is for
m = 500, n = 500 and W = [—400, 400]>.

In 9 we see the same trend as before, i.e. that the spread increases by about one and a
half times when we let the number of points come from a Poisson distribution. When the

window becomes larger, we again see the same trend, that the mean value and the spread

become larger.
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8 Appendix

Code used to make the simulations ued in Section 6.

Computing tesselation

import numpy as np

from scipy.stats import gamma

from scipy.spatial.distance import pdist, euclidean
from scipy.spatial import Delaunay, ConvexHull
from tess import Container

import multiprocessing as mp

import seaborn as sns

import pyvoro

import time
start_time = time.time ()

= 500

import numpy as np
minv = np.array ([—-200, —200, —200])

maxv = np.array ([200, 200, 200])

def containment(cell ;, minv = minv, maxv = maxv):

return np.all (minv< np.min(np.vstack(cell.vertices()),

axis = 0)) and

np. all (maxv> np.max(np.vstack(cell.vertices()), axis = 0))
npool = 10
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nsims = 10

pois = [np.random.rand(npoi, 3) * (maxv — minv) + minv

for _ in range(nsims * npool)]

print ( 'sim-done’)

import pickle

import gc

def face_verts(pt):
"77Face werticces
# Arguments
pt: cell centers
# Result
Face wverticces
return [np.array(c.vertices ())[f]

for ¢ in Container(pt,

limits = [minv, maxv],
radii = None,
periodic = True)

for f in c.face_vertices ()

if containment (c)]

path = 7. /sim_data/tess/’

wsize = 1
for pts, lab in zip ([pois],
[ pois’])
print (lab)
def dump_vor(i):
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pickle .dump(pyvoro.compute_voronoi(pts|i],
list (np.array (list (zip (*[minv, maxv])))),
100, radii = [], periodic = [True| x 3),
open( '{}{}{}.p’.format(path, lab, i), ’wb’))
[dump_vor (i) for i in range(len(pts))]

end_time = time.time ()

execution_time = round(end_time — start_time)
execution_time_in_minutes = round(execution_time / 60)

print (” Execution-time:” , execution_time_in_minutes, ”"minutes”)

Extraction of corners, edges and faces

from scipy.cluster. hierarchy import single, fcluster
import pyvoro

from scipy.spatial import distance

import pandas as pd

import numpy as np

import time

start_time = time.time/()

minv = np.array ([—200, —200, —200])

maxv = np.array ([200, 200, 200])

def containment(cell , minv = minv, maxv = maxv):

return np.all (minv< np.min(np.vstack(cell ['vertices’]),

axis = 0)) and
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np. all (maxv> np.max(np.vstack(cell [ vertices’]),

axis = 0))

def cluster_vertices(tes, eps = le—5):
"7 Clustering of wvertices
# Arguments
tes: tessellation
eps: threshold for clustering
# Result
clustered wvertices together with list describing the

association of the unclustered vertices to the clusters

2000

#collect wvertices from cells — take into account periodic bc
tes = [c¢ for ¢ in tes if containment(c)]
verts_unc = [np.array(vert)

for cell in tes
for vert in cell|[’vertices ]

if containment(cell)]

cl.map = fcluster (single(distance.pdist(

verts_unc, ’euclidean’)),
eps,

criterion = ’distance’) — 1
verts_clust = [[p] + list(v)

for p, v in zip(cl.map,

verts_unc )]

return pd.DataFrame(verts_clust ).groupby (0).
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mean (). values, cl_.map

#compute offsets for each cell to global wvertex id
compute_offset = lambda tes: [0] +

list (np.cumsum ([len(cell [’vertices’])

for cell in tes]))

def clustering (tes):
"7 List of cawvities, faces and edges given by ids of
clustered wvertices
# Arguments

tes: tessellation

# Result

List of cavities, faces and edges given by ids of

clustered wvertices

2NN

tes = [c¢ for ¢ in tes if containment(c)]
offset = compute_offset(tes)

_, clmap = cluster_vertices (tes)
#unclustered cavities and their wvertices

cavs_unc = [cl_map|[range(l, h)]
for 1, h in zip(offset ,
np.roll (offset , —1))][:—1]

#unclustered faces and their vertices
faces_unc = [np.roll(cl.map|[np.array(face[’vertices’]) + o],
—np.argmin(cl_map [np.array (face[ ' vertices’]) + o]))

for cell , o in zip(tes,
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offset)
for face in cell |’ faces’]

if containment(cell)]

#order faces
faces_unc = [list( np.roll( facc[::—1],
—np.argmin (facc[:: —1]))
if facc[1] > facc[—1]
else facc)

for facc in faces_unc]

faces_unc = [list( np.roll( facc[::—1],
—np.argmin (facc[:: —1]))
if facc[1] > facc[—1]
else facc)
for facc in faces_unc if

len (np.unique (facc)) > 2]

#unclustered edges

edges_unc = [(cl.map[np.array(vert) + o]). tolist ()
for cell, o in zip(tes,
offset)
for face in cell |’ faces’]
for vert in list (zip(face[’vertices’],

np.roll (face[ vertices’], 1)))
if containment(cell)]

return [[list (x) for x in set([tuple(x) for x in
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[sorted (cfe , key = kf)
for cfe in cfes]])]
for cfes, kf in zip ([cavs_unc, faces_unc, edges_unc],

[lambda x: 0, lambda x: 0, None])]

from multiprocessing import Pool

from scipy.spatial import KDTree, distance

import warnings
import pickle
import pandas as pd

import numpy as np

path = ’./sim_data/tess/’
path_cu = ’./sim_data/clust/’
labs = [’pois’]

nsample = 500

clustered_vor = []

verts_vor = []

for lab in labs:
print (lab)
with warnings.catch_warnings ():

warnings. simplefilter (”ignore”)
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def clv(i):
if 1%1==0:
print (i)
tess = pickle.load (open( ' {}{}{}.p’.format(path, lab, i),
b))
pickle .dump(clustering (tess), open(’'{}clu{}{}.p’.format(
path_cu, lab, i), ’wb’))
print(’'clustering -done’)
pickle .dump(cluster_vertices (tess)[0],
open(’'{}clv{}{}.p’.format(path_cu, lab, i), ’'wb’))
del tess

[clv(i) for i in range(nsample)]

end_time = time.time ()

execution_time = round(end_time — start_time)
execution_time_in_minutes = round(execution_time / 60)

print (” Execution-time:” , execution_time_in_minutes, ”"minutes”)

Computing the persistence diagram

import warnings

from scipy.spatial.qhull import QhullError
import gudhi

from sklearn.decomposition import PCA
from multiprocessing import Pool

import pickle
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from scipy.cluster. hierarchy import single, fcluster
from scipy.spatial import distance

import pandas as pd

import numpy as np

import time

start_time = time.time/()

def cluster_vertices(tes,
eps = le—5):
777 Clustering of wvertices
# Arguments
tes: tessellation
eps: threshold for clustering
# Result
clustered wvertices together with list describing the

association of the unclustered wvertices to the clusters

200

#collect wvertices from cells — take into account periodic bc
verts_unc = [np.array(vert)%l
for cell in tes

for vert in cell[’vertices ]]

cl.map = fcluster(single(distance. pdist(

verts_unc , ’euclidean’)),
eps,
criterion = ’distance’) — 1

verts_clust = [[p] + list(v)
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for p, v in zip(cl.map,verts_unc)]|

return pd.DataFrame(verts_clust ).groupby (0).mean().values,

cl_map

#compute offsets for each cell to global wvertex id
compute_offset = lambda tes: [0] +
list (np.cumsum ([len(cell [’vertices’])

for cell in tes]))

def clustering (tes):

777 List of cavities, faces and edges given by ids of

clustered wvertices

# Arguments
tes: tessellation

# Result
List of cavities, faces and edges given by ids of
clustered wvertices

offset = compute_offset (tes)

_, clmap = cluster_vertices (tes)

#unclustered cawvities and their vertices
cavs_unc = [cl_map|[range(l, h)]
for 1, h in zip(offset ,
np.roll (offset , —1))][:—1]

#unclustered faces and their wvertices

faces_unc = [np.roll (cl.map[np.array(face[ vertices’]) + o],
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—np.argmin(cl_map [np.array (face[ vertices’]) + o]))
for cell , o in zip(tes,

offset)

for face in cell[’faces’]]

#order faces
faces_unc = [list( np.roll( facc[::—1],
—np.argmin (facc[:: —1]))
if facc[l] > facc[—1]
else facc)

for facc in faces_unc]

faces_unc = [list( np.roll( facc|:: 1],
—np.argmin (facc[:: —1]))
if facc[l] > facc[—1]
else facc)

for facc in faces_unc if len(np.unique(facc)) > 2]

#unclustered edges
edges_unc = [(cl.map[np.array(vert) + o]). tolist ()
for cell , o in zip(tes,

offset)

for face in cell [’ faces’]
for vert in list (zip(face| vertices’],

np.roll (face[’vertices’|, 1)))]

return [np.unique ([sorted(cfe ,
key = kf)

for cfe in cfes],
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axis = a) for a, cfes, kf
in zip ([None, None, 0],
[cavs_unc, faces_unc, edges_unc],

[lambda x: 0, lambda x: 0, None])]

import cechmate as cm

from itertools import combinations

def filt (cavs,
faces ,
edges ,
cav_verts ,
fac_verts ,
edg_verts):
777 Compute filtration times for cavities
# Arguments
cavs: cavities
faces: faces
edges: edges
cav_verts: coords of cavities
fac_verts: coords of cavities
edg_verts: coords of cavities
# Result

Filtration times for cavities

200

#pca to account for lower dimensions
ch = cm. Alpha(maxdim = 2,
verbose = False)

pca = PCA(2)
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#filtration times for cavities and faces
cf_times = [[[[sorted([cav[z] for z in x]|), ¥y]

for x,y in ch.build(cv)

if len(x) = 4]

for cav, cv in zip(cavs, cav_verts)],
[[[sorted ([face[z] for z in x]), y]

for x, y in ch.build (pca.fit_transform (fv))

if len(x) = 3]

for face, fv in zip(faces, fac_verts)]]

#replace by maximal filtration time per cell/face and
add lower dimensions.
cf_times_max = [[ max(y
for [x, y] in cf_time)
if len(cf_time) > 0 else 999
for cf_time in cf_timess]

for cf_timess in cf_times]

#add lower dimensional structures to ensure it 1is
a simplicial complex
return [[[list(z), cf_time max]
for cf_time, cf_time_max in zip(cf_timess
cf_timess_max)
for x, _ in cf_time
for z in [x] + [list(v)
for u in [list (combinations(x, i))
for i in r|

for v in u]]
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for cf_timess, cf timess max, r in zip(cf_times,

cf_times_max ,

[range (2, 4), range(2, 3)])] \

+ [[[edge, distance.euclidean(ev[0], ev[l])/2]
for edge, ev in zip(edges, edg_verts)]] \

+ [[[[x], 0]

for x in range(np.max(edges) + 1)]]

def update(xtes):
777 Update filtration times in lower dimensional structures
# Arguments
tes: tessellation
# Result
3 arrays containing the filtration times in cavities ,

faces and edges, respectively

2NN

fc, ff, fe, fv = filt (xtes)

#cavities
dimlc, dim2c¢, dim3c = [[a for a in fc
if len(af0]) = i + 2]

for i in range(3)]

#merge faces with cavities
dimlf, dim2f = [[a for a in ff
if len(af[0]) = i + 2]
for i in range(2)]
dim2fc = dim2c + dim2f
dim2fc = [[[int(z) for z in b[: —1]], b[—1]]
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for b in pd.DataFrame ([a[0] + [a[1l]]
for a in dim2fc]). groupby(

list (range(3))) . min().reset_index (). values]

#merge edges with rest

dimlefc = fe + dimlf + dimlc

dimlefec = [[[int(z) for z in b[:—1]], b[—1]]
for b in pd.DataFrame ([a[0] + [a[1l]]
for a in dimlefc]). groupby(

list (range (2))).min().reset_index (). values]
return fv + dimlefc + dim2fc 4+ dim3c
dgms = []
path_cu = ’./sim_data/clust/’
labs = [ ’pois’]
nsample = 500

for lab in labs[0:1]:
with warnings.catch_warnings ():

warnings . simplefilter (”ignore”)

print (lab)

#Create diagram
def dgms_fun(i):
if i%1==0:
print (i)
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cv = pickle.load( open(’'{}clu{}{}.p’.format(

path_cu, lab, i), ’rb’))

vw = np.array (pickle.load( open( ' {}clv{}{}.p’.format(
path_cu, lab, i), ’'rb’)))

vv = ([[[x for x in vw[f]]
for f in cvv]

for cvv in cv])

upd = update ([}, *(cv[1:]), [], *(vv[1:]))

st = gudhi.SimplexTree ()

[st.insert (xsplx) for splx in upd]

pd.DataFrame (([[x[0]] +list (x[1])
for x in st.persistence(
homology_coeff_field=2)
if x[1][1]!= np.inf])).to_csv(
"{}dgm{}{}.csv’.format(
path_cu, lab, i),

header=None, index=False)

[dgms_fun(i) for i in range(nsample)]

end_time = time.time ()

execution_time = round(end_time — start_time)
execution_time_in_minutes = round(execution_time / 60)

print (” Execution-time:” , execution_time_in_minutes, "minutes”)
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